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Abstract
The Fibonacci sequence is obtained as weighted sum along the rows in the
Pascal triangle by choosing a periodic up-and-down pattern of weights from
the set {−1,−12 , 0, 12 , 1}. A graphical illustration of this identity shows a
novel ”‘beautiful”’ Fibonacci pattern.
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1 Motivation
Pascal’s triangle and the Fibonacci numbers hide interesting and beauty
patterns whose discovery has a long history in mathematics [1, 3]. Tradi-
tionally, these patterns play an important role in illustrating the beauty
of mathematics in the classroom [2]. One such surprising pattern is the
relation between both schemes of numbers as depicted in Fig. 1 showing
that the summation along shallow diagonals in the Pascal triangle yields
the Fibonacci sequence.
This article takes up a result from the author [4] which was a byproduct
of a lattice enumeration approach. While the identity in [4] is not at all
handy, its visualization in the Pascal triangle reveals an appealing pattern as
illustrated in Fig. 2. To this end, this article is a contribution to the beauty
and ”‘magic”’ of patterns in the Pascal triangle related to the Fibonacci
numbers.
2 Sketch of Proof
The proof can be found in [4].
Let
Fk+1 = Fk + Fk−1, k ≥ 2, F1 = 1,
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Figure 1: The classical Fibonacci pattern in the Pascal triangle.
Figure 2: The novel Fibonacci pattern in the Pascal triangle.
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denote the Fibonacci sequence. Further let us denote by ek the canonical
unit vector in the k-th dimension and 1T = (1, 1, 1, 1).
The idea for the novel identity relies on the fact that
Fk+1 = 1
TQke1, (1)
where
Q =

0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
 . (2)
To check Equ. (1), first observe that RQ = QR and R = R−1, where
R =

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
 . (3)
This means, reversing the ordering of the rows of Q has the same effect as
reversing the ordering of the columns. Consequently, we obtain (RQR)k =
RQkR = Qk, Re2 = e3 for the 4× 4 matrix Q which entails
1TQke2 = 1
TRQkRe2 = 1
TQke3. (4)
Now, consider
Fk+2 = 1
TQk+1e1 = 1
TQk−1Q2e1 = 1TQk−1(e1 + e3)
= 1TQk−1(e3 + e1)
= 1TQk−1e2 + 1TQk−1e1
= 1TQk−1Qe1 + 1TQk−1e1
= Fk+1 + Fk. (5)
The eigenvalue decomposition of Q yields (details [4])
Fk =
2k+2
5
2∑
j=1
cosk
(
(2j − 1)pi
5
)
cos2
(
2j − 1
2
pi
5
)
. (6)
Due to cos(pi/5) = (1 +
√
5)/4, cos(3pi/5) = (1 − √5)/4, cos(pi/10)2 =
(5 +
√
5)/8 and cos(3pi/10)2 = (5−√5)/8 Equ. (6) yields Binet’s formula
Fk = Fk = ((1 +
√
5)k − (1−
√
5)k)/(2k
√
5).
By taking advantage of the trigonometric formula
cosm(θ) =

1
2m
(
m
m
2
)
+ 22m
∑m
2
−1
k=0
(
m
k
)
cos((m− 2k)θ) 2|m
2
2m
∑m−1
2
k=0
(
m
k
)
cos((m− 2k)θ) 2 6 |m
(7)
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we are able to replace (after some tedious work) the trigonometric expres-
sions in (6) in terms of binomial coefficients. Finally, we obtain for k even
Fk+1 =
(
k
k
2
)
+ 2
b k10c∑
q=1
(
k
k
2 − 5q
)
−
b k+15 c∑
q=1,q odd
(
k + 1
k+1
2 − 52q
)
and for k odd
Fk+1 =
1
2
(
k + 1
k+1
2
)
− 2
b k5c∑
q=1,q odd
(
k
k
2 − 52q
)
+
b k+110 c∑
q=1
(
k + 1
k+1
2 − 5q
)
.
This summation identity is illustrated in Fig. 2.
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